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Torispherical shells are frequently employed as end closures for cylindrical shells. Such structures consist of a spher-
ical cap joined to a toroidal segment, which is joined in turn to a cylindrical shell. In some cases, nozzles are attached
to the torispherical shell. Solutions for spherical and cylindrical shells are known and approximate solutions for the
toroidal shells are known.

Analyses were derived to determine stresses in a torispherical shell which is attached to a cylindrical shell and which
has a radial nozzle attached at its apex. The loadings considered were internal pressure, axial thrust applied to the noz-
zle, and a bending moment applied to the nozzle. A particular solution was developed for the bending analysis which
had no limitations such as those placed on the earlier approximate solutions.

Comparisons between the developed analyses and experimental data from two models tested under internal pres-
sure show excellent agreement. Since the analyses for external loads are very similar to that for internal pressure, it can
be assumed that the other analyses are correct also.

The buckling of torispherical shells under internal pressure was studied by comparisons between calculated results
and results from an experimental model that buckled. This study indicated that the structure failed by plastic collapse
since the maximum stress was very close to the yield stress of the model material.

1. Introduction

Torispherical shells are frequently employed as end closures for cylindrical shells, both in missile design and in
a wide variety of industrial-type pressure vessels. Such vessels consist of a spherical cap joined to a toroidal segment,
joined in turn to a cylindrical shell. In some cases, nozzles are attached to the torispherical shell.

Since the solutions for spherical and cylindrical shells are known, it is only necessary to derive a solution for the
toroidal segment. There have been several approximate solutions derived for the bending of a toroidal shell segment
under axisymmetric loading—notably, the work done by Clark, Reissner, and Novozhilov. There have been several
numerical methods used to get solutions for the torus, but, in general, these methods have the same approxima-
tions as the analytical solutions and therefore no better accuracy is gained [1].

One of the difficulties encountered in the toroidal shell is that the membrane solution is invalid at ¢ = 0° or
180° (see fig. 1). Fortunately, in most pressure vessels and in the torispherical shell, the range of ¢ is between 90°
and ¢y, the angle at the top of the toroidal shell, where @, is greater than 0°. This allows the use of an analytical
solution for the analysis of these pressure vessel configurations. Another difficulty encountered is that the solution
from the membrane theory is not the particular solution to the bending equations. The usual particular solution for
the bending equation is based on the membrane theory but some exceptions to this are the toroidal and ellipsoidal
shells. The interaction between the bending and membrane effects increases the difficulty of the solution and this °
is the area where most of the limiting approximations or assumptions are made. One of the purposes of this investi-
gation is to develop a new method for finding the particular solution in the case of axisymmetric loading and de-
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Fig. 1. Geometry of the toroidal shell.

velop a method to find the particular solution in the case of nonsymmetrical loading. Particular attention was di-
rected to the case of a torispherical shell loaded by a concentrated moment or thrust at the apex. With this solu-
tion, the torispherical shell with a radial nozzle attached at the apex can be analyzed for both an external moment
applied to the nozzle and an axial thrust on the nozzle. This configuration is of much interest to industry.

An experimental study has shown that torispherical shells can buckle from internal pressure due to high circum-
ferential stresses [2]. Such studies were undertaken after vessel heads collapsed while undergoing their hydrostatic
proof tests [3]. This is an intriguing phenomenon associated with toroidal shell element, and this investigation stud-
ied the effect of external loads on the buckling of torispherical shells in the respect that stresses in one principal di-
rection may be beyond the yield limit while the stresses in the other direction are lower than yield.

In this investigation, an analytical study of a torispherical shell was undertaken which had concentrated exter-
nal loads applied to the apex (concentrated moment, axial load). The case of a toroidal shell segment under non-
symmetrical loading had to be solved before the analysis of the torispherical shell. After the solution for a toroidal
shell was derived, a discontinuity analysis was made between a spherical, a toroidal, and cylindrical shell elements
to arrive at a solution for torispherical shells.

t.1. Previous contributions

The most significant contributions to the solutions of toroidal shells have been made by Clark [4--7], Reissner
[5—6], and Novozhilov [8]. In particular, an approximate solution for the axisymmetrical case has been derived
by all three authors. Clark and Reissner derived their solution together, whereas Novozhilov’s solution was devel-
oped independently.

The basic differential equations derived and solved by Clark were based on an axisymmetrically loaded shell.
The loading considered was internal pressure. There were two basic equations in Clark’s work; one equation was
derived from two of the equations by substituting the kinematic relations, moment—curvature relations, and the
force—displacement relations into them combining them, the other equation was derived in a similar manner ex-
cept the two equilibrium equations and the stress-strain relations were substituted into a compatibility equation.
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Clark used the horizontal and vertical directions as his principal axes and derived his equilibrium equations based
on these axes.

The solution method used by Clark was to add these two equations together to form a complex functional dif-
ferential equation. Then using a homogeneous solution for this type differential equation developed by Langer [9],
the homogeneous solution was easily written down based upon certain assumptions made in equation in order to
get it into the basic form derived by Langer. The main assumptions made were that the ratios #/r_ and /R | were
very small relative to unity, say

t/r0 <1/20,

which, in most cases, falls within thin-shell theory. Also all terms in the equation which were multiplied by r /R
were considered small when compared with the terms multiplied by the ratio
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and therefore these terms were neglected. To get an approximate particular solution to his equation, Clark assumed
that all terms in the eqiation multiplied (r,/R 0)2 or ¥(r,/R ) were small and could be neglected. Because of these
assumptions, this solution does not clearly show the interaction between the membrane and bending effects and
therefore this solution must be used with caution.

Novozhilov derived his solution by the use of a general partial differential equation for a general shell of revolu-
tion and then reduced the equation for the special case of a toroidal segment. Novozhilov’s method consists prin-
cipally of replacing the deformation and change of curvature relations in the compatibility equations with mo-
ment-—curvature and force—displacement relations and rewritting the equations in terms of forces and moments.
Then these equations supplement the equilibrium equations for a general solution. By the introduction of moment
and force complex auxiliary functions, the compatibility and equilibrium equations are added together by simple
operations to form three first-order complex partial differential equations in three unknown complex stress resul-
tants. These equations are then combined and reduced to form two second-order complex differential equations.
By such an analytical technique, a whole series of complex differential equations can be derived. This methods is
of general importance and applies to any type of loading which can be expressed by a Fourier expansion. Such an
expansion will lead to a set of differential for each Fourier harmonic.

These general equations were reduced to the axisymmetric case, internal pressure, for a toroidal shell segment
by Novozhilov. This equation was solved by using the method developed by Langer for the homogeneous solution
[9]. Novozhilov derived a trigonometric series for the particular solution. This form of the solution is very difficult
to use because of the many terms of the series that have to be used to get an accurate answer. In Novozhilov’s
book [8], graphs are drawn for the first six constants in the trigonometric series.

The two solutions discussed above are the only analytical solutions found in the literature. There have been
many attempts to numerically integrate the equations for toroidal shell segments and some of the methods seems
to be promising, notably, the work of Kalnins [10] for the numerical integration of shell equations. Steele’s [11]
dissertation develops numerical methods for the higher harmonics for the toroidal shell segments and gives a dis-
cussion of the assumptions made for this type of integrations.

In the analysis of pressure vessels, the first two Fourier harmonic solutions (0, 1) are the most important be-
cause the zero-order solutions are for the internal pressure and axial thrust loadings while the first-order solutions
are for the concentrated moment loadings. By having analytical solutions for all shell elements, a discontinuity
analysis of almost any shape vessel can be done with very little expenditure of time by use of a computer.

1.2. Method of attack
The torispherical shell with a nozzle at the apex and attached to a cylindrical shell was studied by a discontin-
uity analysis. In essence, the discontinuity analysis was between four shell segments: a spherical, a toroidal, and
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two cylindrical. Analytical solutions for the cylindrical and spherical shell elements were found in the literature
[12—15]. These solutions have been extensively studied and compared against test results and have been found to
be accurate [16—20]. The analytical solution for the toroidal shell was derived by using the general differential
equations for a shell of revolution derived by Novozhilov and solving them for the first Fourier harmonic solution
for a toroidal shell.

When these equations were combined and rearranged, they became one second-order complex differential equa-
tion. This single differential equation is exactly the same as Novozhilov’s equation for the axisymmetric case ex-
cept for one term. This particular term is

a(l —asing) =~

(1 +asin¢)sine °

which is small when compared with the other ¥, term in the equation. The other term is

V121 -v?) (ar ft) /V¢ )

Since « is small, the first term is much smaller than the second term and therefore it may be assumed that this
term can be neglected without too much error. Then the equation reduces to the same form as Novozhilov’s equa-
tion. The homogeneous solution for this equation was found by using the method develped by Langer [9]. The
particular solution for this loading case and the axisymmetric case was derived by the variation of parameters
method [21, 22]. The integration was done numerically on a digital computer.

2. Membrane solutions

In a membrane state of stress, a shell is assumed to have no bending loads or transverse shear loads applied to it.
The membrane state is justified only when the shell has a very small bending stiffness or when the changes of cur-
vature or twisting of the middle surface are very small. The membrane forces at a point of a shell represent a plane
stress system in a plane tangent to the middle surface of a shell.

Consider a shell of revolution bounded by one or two parallel circles. If the surface loading components are ar-
bitrary functions of the angles ¢ and 8, they may always be represented in the form [23]

P¢= ?qu cosmf + 12 P¢m sin mo ,

P9=? Pemsinm6+?P0mcosm6, (1)

Pn = Ean cos m@ + E an sin mo
0 1
where Py, . .. , P, are functions of ¢ only. The first of the sums in eq. (1) represents that part of the load
which is symmetric with respect to the plane of the meridian 8 = 0 and the second represents the antisymmetric

terms.
To find a solution to the membrane state, pick one set of the terms, say:

P¢ =P, cosml, P,=P,  sin mo , P =P, A cosmb, )
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and find the particular case for these terms. Once this particular solution has been found, solutions for any distri-
buted loading can be found by using the series [eq. (1)].
For this form of the surface loadings, the solution for the stress resultant may be written as follows:

N¢=N0mcosm8, N9=N0mcosm6, Nw=N¢omsinm0, (3)

WhereN¢m, Nem,N are also functions of ¢ only. The positive directions of the stress resultants are shown in
fig. 2.

Three membrane cases were considered in this study: internal pressure, an axial force applied around the upper
edge of a torus, and an edge moment applied around the upper edge of a torus. The first two loading conditions are
axisymmetrical about the axis of the shell while the last loading condition is nonsymmetrical about the axis. The
axisymmetric loading cases are particular cases where the loading on the shell does not depend upon the circum-
ferential angle, 8. This implies that the deformations of the shell are independent of this angle; they are symmet-
rical about the axis of the shell. These cases are obtained by omitting all but the first term (m = 0) in the series
[eq. (1)]. This results in the deformation, stress resultants, and loadings being functions of ¢ only. For these loading
conditions, the stress resultants of membrane theory can be calculated by the well-known equations [24]:

C
N¢= ! ; (P cos ¢ — P 51n¢)R R, sin ¢ do , 4)
R2 sin? ¢ R sin? ¢
€ ¢
N,=R,P, — - J(P"cos¢—P¢sin¢)R1stin¢d¢, (5)

202 )
Rlsm ¢ R1 sin ¢¢0

where C; is an unknown constant that can be obtained by satisfying the boundary conditions.

In the nonaxisymmetrical case, the deformations and the stress resultants are not independent of the angle 6
but are assumed to be dependent on the first Fourier harmonic (m = 1) as given in the series [eq. (1)]. In particu-
lar, the interest is in the external moment applied to the shell at the upper edge, ¢, which is symmetric with re-
spect to the plane of the meridian 6 = 0 and varies as cos 8 in the circumferential direction [14]. Also in this par-

Fig. 2. The positive directions of the membrane forces acting on the shell element.
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ticular case the surface loadings are assumed to be zero. This results in the deformations and stress resultants being
functions of ¢ and the first harmonic of 8. The stress resultants of membrane theory for this case can be calculated
by the equations [25]:

]
1 . .
Ny= (G, € JR151n¢d¢+f ® R sin ¢ dp) cos 0 | (6)
stm ¢ é b
(s} o
1 ol o]
Ny = [RyP, — ————(C,* € j R, sin ¢ do + f PR, sin ¢ dg) cos 6 , (7)
R1R2 sin” ¢ & &
o o
. [
cot ¢ sm2¢ .
N =———T7__[C,-C,(R,——— | R,singdg)
®0 (R2 sin ¢)2 2 1 2 COS(Z) é{ 1
R, sin? ¢ ~ Risin’e ¢ _
,,-d)w+(PnCOS¢—P¢Sm¢))W+J (I)Rlsm(j)d(j)] sinf , (8)

0

where
o]
fb=(Pncos¢—P¢sin¢)R§sin¢>—J (Pnsin¢+P¢cos¢~rP0)sin¢R1R2d¢,
[}

and where ('} and C, are unknown constants that can be solved by satisfying the boundary conditions.

2.1. Axial thrust load
For the iorus, the two radii in shell theory are given by

=r R2=Ro(l+asin¢>)/sin¢>, (9)
where
a=rO/R0 .

Fig. 1 shows a meridional section of a toroidal shell and fig. 3 shows the distributed axial force, Ny, acting in the
positive direction on the upper edge of the shell. The surface loadings are zero in this case and upon substitution
of eq. (9)into eq. (4), eq. (4) reduces to
¢ R, (l+asing)sin¢

N (10)

At the upper edge of the shell, ¢ = ¢, the meridional stress resultant is given by

Ny=Ny/sing, . an
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Fig. 3. The positive direction for the distributed axial force.

Solving eq. (10) for C; at ¢ = ¢ by using eq. (11)and substituting C; back into eq. (10)yields

_(L+asing) Ny .
N‘f’— (1 +a sin ¢) sin ¢ (12)

for the distributed axial load, Ny.

The circumferential stress resultant for the axial thrust case can be found by substituting the value of C; into
eq. (5), which becomes

(1 +asin ¢0)NX
N9=———'—2——. (13)
a sin“ ¢

2.2. Internal pressure
The surface loading components for internal pressure loading are given by

P =P, P =0, P, =0. (14)

Eqgs. (4) and (5) by using eqs. (14) and (9) can be written as

Cl Pr0 o] .
N¢‘RO(1+asm¢)Sin¢+(1+asin¢)sm¢¢f cosd (1 +asing)d g, (15)
o
PRO(1 +asin ¢) Cl PR0 ¢
No = sin ¢ - f cos ¢ (l+asing)do. (16)

2 L2
r, sin ¢ sin ¢¢0
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If at the upper edge of the shell, ¢ = ¢, the meridional stress resultant is given by N;, then eq. (15) becomes

(I +tasin¢ )sin ¢ Pr
N = 0 ON*+ ’ 0
¢ (l+asing)sing ¢ (1+asing)sing

[sing+iasin?¢-sing —fasin®¢ | . (17)

The internal pressure causes an axial force to act at the upper edge of the shell, ¢ = ¢, which gives the stress re-
sultant N&f. The distributed axial force acting at this edge is given by

v - (R2 sin (1)0)2 P ) Ro(l +asin qb(lz

X 27 R, sin @ 2 (18)

Substituting this expression into eq. (12) at ¢ = ¢ and in turn substituting this relation into eq. (17) for N(;‘ leads
to the equation for the meridional stress resultant under internal pressure which is

r P .
N =0 ['l+a.sm¢_ ‘ (19
o 2| asing
Then from eq. (16) the circumferential stress resultant is
Ny=3r P[1-1/(asin¢)?] . (20)

2.3. Edge moment loading
In this loading case, the external moment applied at the upper edge, ¢ = ¢, varies as cos 8 about the meridional
plane 8 =0 and the surface loads are equal to zero. Egs. (6), (7), and (8) then reduce to

N¢= 5 1 7. G, +C, frosin(bdq‘)] cosd | 1)
RZ (1 +asin ¢) sin ¢ P
o
I ¢
N, = - - — (G, +C, 5 r,sin ¢ dg] cos 6, (22
r.R (1 +asin¢)sin® ¢ 3

O

RO(I +asin ¢)

[}

_ cot ¢ [ ( _ )]

N z=——"" I, +C\ — - r051n¢d¢> sin 8 . (23)
¥ R2(1+asing)? - ! cot ¢ q;[

The two constants C; and C, in the expressions must be determined from the given values of the forces N and
N g at the upper edge of the shell.

Since the ultimate objective of this study is to obtain a solution for the torispherical shell, the membrane forces
acting on the upper edge of the torus will be the membrane forces from the spherical portion of the shell. For a
concentrated moment acting at the apex of the spherical shell, the membrane forces acting at the lower edge of
the spherical shell which are the same membrane forces acting at the upper edge of the torus, are given by [14]

s_. Mcost S_Mcos¢osin0
No=—F 5 Ny =——5——— 24)
7TR§ sin’ o, nRé sin? 6,
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The radius of the sphere is denoted by Rg. The relationship between Rg and the geometry of the torus is given by
the expression

Rgsin ¢0=R0(1+a sin (ZJO). (25)
Rewritting eq. (24) using the above relation gives

NS = M cos § NS = Mcos¢_sinb o6)
¢ 'nRg(]+oz sin¢>0)2 sin ¢0’ 0 nRg(1+a sin ¢>0)2 sin ¢

Evaluating the eqgs. (21)and (23) at ¢ = ¢, requires that the unknown constant C'; be set equal to zero since the
evaluated integrals are zero and C; would be indefinite. By setting the right-hand sides of the evaluated equations
equal to the right-hand side of eq. (26), C, was found and its value is

C, =M. (27)
Then eqs. (21), (22), and (23) can be rewritten as:

Mcos M cos 6 N = M cos ¢ sin 6

N, = N, = 00 .
‘ITRg(l +asin ¢)2 sin ¢

¢ T(Rg(l +q sin ¢)2 sin¢>’

)= = (28)
nrORO(1+asin¢>)sin o}

2.4. Secondary membrane resultants
When discussing the membrane stress resultants in the first part of this section, the assumption was made that
all bending and twisting moments were zero. Now a real shell of thickness, ¢, has a finite bending rigidity:
Er3
K= ti. (29)
12 (1 —v?)

This indicates that all shells even though loaded only in a membrane state will have some changes of curvature or
some twisting of their middle surfaces. Examination of the compatibility equations shows the relationship be-
tween the in-plane stress resultants and the bending or twisting stress resultants. The compatibility conditions as
derived by Novozhilov [26] are:

oM OR, sin ¢
9 [R,sin ¢ (M, —vM,) - (1+V)(R1 “’") 2

¢ 30 ag My —vMy)
2 3 ' OR, sin ¢ a(Rle)
"R, |3 [Ry sin @ (N —»N — —55— (N =0Ny) =21 +2) —55— (30)
d R2 sin¢ oM
RIE(M¢_VM8)_(1+V) 2—a¢-——M¢B+R23in¢ 5%
£2 ) 3 _ R, 3R, sin¢
—12R2 Rla—e(N¢—VN9)—2(1+V)5$(R2 sm¢>N¢6)72(l+u)R—1 TN‘” , 3D
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MafuMq:7 M¢——VM9:ﬁi | EN R, q) [N ] Lo (& an
R, R, 12 RRysing |og R, | 2" ()R —5—
3 i 5 a(R2 sintj)Nw)) astinqb
+@ ‘Rz Sind) [Rl—ge—(Nqb*VNe)*(] +V)( aqﬁ + a¢-4 0 (32)
For the axisymmetric case, the equations can be rewritten in the following form:
9 ; aR sin ¢
a¢3 (R, sin ¢ (M, - VM¢)] — 20 (M M,)
2 3 ' E)R2 sin ¢
= 1R, 5—(5 [R2 sin ¢ (V) *V/\/(b)] e (N —vN)t (33)
M, —vM M(p -vM
R + R ~0. (34)

The last equation is based upon the assumption that 12/12R‘;' R, or r2/12R1 R% is much smaller than r2/1 2R and
therefore the right-hand side of eq. (32) is neglected. For the toroidal shell, the following approximate relations
for the secondary stress resultants for axisymmetric loadings are derived from eqs. (33) and (34):

2

2 .
—-,_,w_ _ = _. - ﬂ__._ _ T A
My =15, Ny =vNy) - My IR [rasing Mo ~VNg) - (33)

0O

These equations are based on the assumptions that terms multiplied by v/R,»/R,, VR /R, can be neglected.
For the nonaxisymmetric case, particularly the externally applied moment loading, egs. (30), (31), and (32) can
be written in the following form:

aMM BR sin ¢

i[R2 sing (M, vMo) —(1 )R,

3¢ 39 ‘a (M, —vMy)
[2 J aRz sin(Z) aN(D@
_ . 3 _ = _ N -
= DR, |96 [stmqb(Ne VNd))] 56 (N¢ vNg)-2(1+») R, 3 [ (36)
E)M(w
180(M VM9)7(1+V)(2RICOS¢M¢6+ smqﬁa—¢>
p: an
=12R2 160(N —VNg)— 2(1+V)(R cosqﬁN t R, sing—- Py ) 2(1+V)R2COS¢>N¢0 , (37)
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M¢-VM0 M¢—VM6

R R ~0. (38)

1

For the toroidal shell subjected to nonaxisymmetric loadings, the following approximate relations for the second-
ary membrane resultants are derived from egs. (36) and (38):

2 2 :
_t _ - t sin ¢
M _12r0 (N¢ VNG), M

¢ 0 ‘12R01+asm¢( o VN

2
t
6)) M

00 = ENW . 39)
The equations were derived by using only egs. (36) and (38). Since there are differences between eqgs. (36) and (37),
the derivation using eq. (37) would lead to different but smaller values for the moments. Therefore, since eqgs. (39)
give larger values for the moments and agrees very well with the forms for the moments used in ref. [14], these re-
lations for the moments will be used. Note also that the multiplier 2 was dropped in front of the last term in eq.
(36) for the derivation of eqs. (39) because of the assumptions My =My, and Nyg =Ny, .

3. Bending solution

Novozhilov reduced the analyses of shells of revolution to two second-order complex differential equations
[27]):

~ 11 1 7~
G (U )+m2|:1—iC(-——) }N =F (¢), (40)
men Ry Ry gn2¢d ™ 7
~iCG, (N )+N, + (—I_R—l) L 0§ =r,p, @1)
Ry Ry/sin2 ¢
where
F (¢)=—1—— —d—[(P cos P, sing)R3sin?¢] +mP, R RZsin?¢ (42)
m R\R,sin¢ dg “ nm om 2 om 172 : =
2 .
G =] g_[stm‘i’ d(..,)]i m? G (43)
Rlesmd) d¢ 131 d¢ stin2¢ e
~ o~ R, dn,,
Up =Ny, R, sin2 ¢>—iCR—1 sin ¢ cos ¢ ~3~, (44)
U dN R 2%
n . 0 . 1 d<N . R
T¢‘+RISIH¢Tm—1CR—2 cot¢@=(ancos¢—P¢msm¢>)R1R2sm¢, 45)
Come——o (46)

V121 -v?)
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~ 1 om ém

N¢m Nqu C L V2 ) 47)
N = 1 om om

NGm - Nam C |2 (48)

.M

e _ 1 pom

Nw”l = Nwm + cl v (49)
Nm = om + N()m ’ (50)
~ ‘V@n cosmo | /Nv(y =Iv¢m cosm0 , ﬁ(w =/V¢0m sinmb | (51)
N N¢m cosméb , Ny=Ny, cosmb, N¢6=N¢0m sinm@ , (52)
M¢=M¢mcosm6, M6=M6mcosmﬁ, M¢9=M¢om sinm 6, (53)

3.1. Nonaxisymmetrical bending case (m = 1)
The solution for the toroidal shell for the first Fourier harmonic is developed in the following manner. Egs. (40)
and (41) are written for the first harmonic and eq. (40) is subtracted from eq. (41) yielding:

~ 1 1 1 ~
G, (W)- ( ) W=F ()~ , (54)
! R. R Sm o nl
where
W=U,+iCN, . (55)

Upon integrating eq. (54), the expression for Wis

W 56
W= 7, sm¢>(C +C fR sing do+ [®R, sin ¢ dg) . (56)
0]
where
o}
P =(P, 059 Py sin)Rysing — [ (P sing 4Py cos¢~Py)R\Rysingdg
[}

Q
]
and Cy and C, are real arbitrary constants. The lower limit of integration ¢, is identified with the angle correspond-
ing to the upper edge of the toroidal shell.



R.C. Gwaltney, Localised loads applied to torispherical shells 65

The relation between 51 and ﬁl can be established after substituting the expression for W into eq. (55). In-
troducing this new value of U, into eq. (41), the following complex second-order differential equation is acquired:

1 1 | - 1~ i
G(N)+( ) N+ LN =L @), 57)
VIR Ry gz T
where
~ 11
F1(¢)—R2Pn1 (R R )m[c +C2f R 51n¢d¢>+f (I)R Sln¢d¢] (58)
0 0

By comparing eq. (58) with egs. (6) and (7), it is readily seen that eq. (58) can be expressed by the relation:
£ ()= N* VNG (59)

where N¢1 an Ny are the membrane stress resultants.

The analysis of shells of revolution of arbitrary shape for the first Fourier harmonic has been reduced to the in-
tegration of a complex secondorder linear differential equation given by eq. (57). This differential equation was
first derived by Novozhilov [27].

Expanding eq. (57) and using eq. (9), eq. (57) can be written as:

N ~ dN . _ _
1 asin ¢ —1 1 ol ~asin ~ sin .

! +(_.__Ha¢_ ¢) o g5 ( . 2§, +i2d? 17%7) (=2 SRR v N,

d¢ Sin (1 +a sin (p) Sin ¢ & S1 & SIn

(60)

where
22 =121 —v?) 2[R t=r}R C.

Multiplying each term of the equation by (1 + & sin @)/sin ¢ and simplifying leads to the differential equation

2 dN —asi ~ >
1 d [(1+asm¢) 1} a(l —asin ¢) Ny +i2d?Ny =i2d* (N + N3 . (61)
(

1+aSin¢ d—(ﬁ Sin¢ d¢ ]+C{Sin¢)sin2¢
Upon inspection of eq. (61), it is readily seen that the term

a(l —asin ¢) I
(1 +asin ¢) sin? ¢

is obviously small since « is small and can be neglected when compared with the term i2d2/v1 since

S :
1201 _ph) — 25 all-asing)
‘ (1 +asin ¢) sin? ¢

Therefore, it is assumed that this term can be neglected and eq. (61) becomes:
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] (1 +asin @) dn,
I +asin ¢ d¢[ sin ¢ d¢

J+ lzdz/v i2d2 (NF +NF). (62)

The homogeneous solution for this equation was found by using a method developed by Langer [9]. The particu-
lar solution to this equation is considered later. The homogeneous solution is:

1 sin ¢ >
— Z, (63)
d¢ (1 +asin ¢)2

where

Z=1|C,2, W2e) + (,Z, W Zie]]

:(l+asinqb)%(£)%
(singy \d)

Z,Wie)= (2ie)T HY (V2ie) Z, W7ie) = (Vieys HR (Vie)

A PR NS T e 3 .__5_2+L4,)
€=34¢ [1‘28‘1’*528095"“ 0% "3 g

9 20 (] 35 0, %9 4 )}
T "’(1‘135¢ *laa0® :

Eqgs. (47),(48), and (49) were solved for the stress resultants using the solution to differential equation (62) and
they are as follows:

(t/r,)? >
,L[ﬂ?_ lm(Z)J o 1 Re (%£)£ cos @,
2d? 1+« sin) 12(1 'sz) (I +«sin ¢))2 sin ¢ ¢

N 1 d I: l lm(Z):| (f/r0)2 cot § Re (g) Cos ¢
T0 1 22 46 L +asing) 1200 - 0%) (1+asing)?  \d9 ’

(t/r c 7
N = e ] Im ( Z)+77 ) wt(z) Re((i;) sin ¢, 4
% 242 (1+a sin)2 12(1 vll2) (1 +a sin ¢)2 ¢ (64)
C | d 1 > va coso o
M =] ————— Re(Z)] + 2P e Z:l
@ 2d2|:d¢(1+0(81ﬂ¢ e( )) (1+asin¢)2 ( )
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. cer? . (d_z )$ cos §
12(1+9) (1 4 sin ¢)? sin ¢ d¢ ,
N N o @ cos ¢ ~ _d_( | ~)]
Me 2d2[(1+asin¢)2 Re(Z)+Vd¢> 1+asin¢Re(Z)
C(tr,)? | : (d 2)2 )
- m|{==)} cos@,
12(1+v) (1 +asin $)? sin ¢ d¢
- ~ ) 5
M¢0 __C(_ll)_[_o‘_Re(Z)+__°__cot¢lm(%%)}§ sin 0 .
(1 +asin ¢)2 L24? 12(1 —v?)
C  sing ~ c 1 Z\ .
Qg =—" ———"——Im(Z)cost, Q =—~~———~——Re(—)sm0.
® Ty (1+asin ¢)? ° 22 R, (1+asing)? 49

In order to do a discontinuity analysis of a toroidal shell attached to another shell, the slope or angle of rota-
tion of the tangent to the meridian and the horizontal deflection of the shell are needed. The deflection was cal-
culated by the well-known relation:

R, (1+asin ¢)
b=———7""—

o (N, —vN,) (65)

and the slope in the meridional direction was derived by solving the following two equations simuitaneously

3 3
M¢=‘_E’__(k¢+vk6), M@:i_(ke+vk¢), (66)
12(1*112) 12(17’)2)
where
dx
= .l_ ___d) ___ 1 cos (l)
“ ry d¢° ko R0(1+asin¢)X" R0(1+asin¢)X¢‘ (67)
The relation for the slope in the meridional direction is:
1 1 ~
X, = Re (Z). 68)

¢~ T Et a(l +asin ¢)

The positive directions of the stress resultants and surface loads are shown in fig. 4, while in fig. Sa cross section
of the shell along a ¢ line is shown.

3.2. Axisymmetrical bending case (m = 0)
This is the particularly important case when m = 0 in eqs. (40) through (53); therefore, the surface loadings are



68 R.C. Gwaltey, Localised loads applied to torispherical shells

¢

g
I'ig. 4. Positive directions of the stress resultants and surtace loads.

symmetrical with respect to the axis of the shell and the surface loading component Py is absent. In order for the
deformations of the shell to be axisymmetric, the surface loadings and the edge loadings must be axisymmetric.
If the edge loadings and the surface loadings are symmetrical, then the loadings only produce the stress resul-
tants Ny, Ng, My, Mg, QO Therefore, the state of stress in the shell can be completely characterized by the com-
plex tumtlons /(VD' and /V@ (as functions of ¢ only).
Under these LOHdlthHS eqs. (40) through (53) take the form

G(O)=F, (4), (69)
iCG (N)+N+<l ]4)—1~45=R P (70)
Ry Ry in2g rne
where
F (¢)= _ 1 4 [(P, cos¢- P sin ¢] R sin® 0] 7n
m Rlesinqb do
R sin ¢
. . 1 d d(.
G(... )" o<k ac....) , (72)
R R sin ¢ d¢ Rl d¢
R > -~ M, —vM
’\:- N7 202 : ‘__2_ : ~ d_/\_/ =N ,i‘u
U=NyR,sin=¢ - i€ R, sin ¢ cos ¢ o Ny=N, ¢ 2 (73,74)
N =N 1 Mo =My N=N_+N dU—(P p—P,sin )R Ry sin g (75-77)
Ny = 0 C 17u2 R / /¢ o " cos sin ¢ S

Upon inspection of eqgs. (69) and (77), it is seen that these two equations are the same. Integrating eq. (77) with
respect to ¢ yields
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Fig. 5. The shell showing a cross section along a ¢-coordinate line.

¢
(7=C1+f (P, cos ¢~ P, sin $) R R, sin ¢ do, (78)
¢0
where (| is a real constant and the lower limit ¢ is identified with the angle corresponding to the upper edge of
the toroidal shell.
Substituting U into eq. (70), the following complex second-order differential equation is acquired:

iCG(N) +N = F(¢), (79)

where

F(¢>)=P'HR2 (Rl R ) [C +f (chosqb—Pd)sinqb)Rlesin¢d¢] . (80)

By comparing eq. (79) with eqs. (4) and (5), it is readﬂy seen that eq. (80) can be expressed by the relation

sm ¢

F(@)=NJt Ny, (81)

where N3 and Vg are the membrane stress resultants.

Therefore the axisymmetric analysis of a shell of revolution of arbitrary shape has been reduced to the integra-
tion of a complex second-order linear differential equation given by eq. (79).

Eq. (79) was expanded and using egs. (9) was rewritten as

sin ¢ ]V=i2d2 sin ¢

@Jr[asincp—
1 +qsin @ 1+asin¢

N 2
¢ 1+asin¢:|C0t¢ g "1

(NGt N). (82)

Multiplying each term of the equation by (1 +« sin ¢)/sin ¢ and simplifying led to the relation

1 (1 +asin ¢)* dN N

oo d¢[ ino  gg |tR2N =Rd Wy N) (83)
The homogeneous solution for a similar differential equation [eq. (62)] was found earlier and by analogy the so-
lution for this equation can be written as
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dX/ sing
—_— =7 7, 84
dg (1 +asin ¢) (54)

where the function Z is the same as given by eq. (63). Having found a solution for the differential equation [eq.
(82)), eqs. (74) and (76) were solved for the stress resultants and they are as follows:

o Cos @ 1 1 d 1 ~
Voo s L) et o)
¢ (1 +asin )2 2d2 0 142 do L1 tasing

N N e Re(2)].

2d2 d¢ 1+QSIH¢) (1+asin¢)2
_C [ o cos ¢ ~ d 1 ~ C sin ¢ ~
M o= 2E5P Re(Z)+u~—~(—.- Re(Z))], 0=~ —— " —m(Z). (85
o 2d2 (1 +asm¢)2 d¢ l+asm¢ ¢ ro (1+O(SII'1¢)) )

The horizontal deflection of the shell is given by eq. (65)and the slope was found by simultaneously solving
eqs. (66), where

dXx
1 @ : cos ¢
o=y @ % R (Ttasme) "o (86)
The relation for the slope is:
1 1 i~
X =—7— —————= Re(Z). 87

¢  Eta(l+asing)

3.3. The particular solution

Since both eq. (62) and (83) have the same form, the same method of attack was used for both cases. To use Lan-
ger’'s method [9] the equations (62) and (83) are differential with respect to ¢ and multiplied by (1 +a sin ¢)? in
order to reduce them to the form

1 i[(l+asin¢))2 ﬂ}

oo d 2 2 N 2 * .
(1 +asin ¢) d¢gl+asin¢ 9 Sin o 0 +12d° (1 +asin ¢) ¢ =1i2d (1+ozsm¢)2 (N +N)

Langer developed the homogeneous solution for equations of this form and the method of variation of parameters
was used to derive the particular solution. First, the function

fix) = 12d2(1+asm¢)2 (N* N¥) (88)

must be determined. This function will depend upon the loading for each particular case since it depends upon the
corresponding membrane solution. The f(x) is calculated for each case as follows:
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Pressure:

fx) = i24*

:05 cos ¢(2 —asin ¢) (1 +a sin q))2
2

o? sin ¢

Axial force:

Foy=ingt AUt 8) S0 54 3asing

asin? ¢ sin ¢

Concentrated moment:

9 2Mcos ¢ 1+2asin ¢

flx)=i2d :
TRFs  (1+2sin ¢) Gsin ¢)°

(89)
The variation of parameter methods [21, 22] permits the determination of a particular integral of an equation
of the form:

n nl
dy +P()d
dxn

1+---+ e I(X) +P )y =fx), (90)
where the general solution of the related homogeneous equation

dnl

Y ip, -

] ,
- 1+...+Pn_l(x)aic—’+P”(x)y=o ©1)

is known.
Let the general solution of eq. (91) be of the form:

y=Cp +Cyyt.. . +Cy, 92)

in which the C,, s are arbitrary constants, and assume that a set of n functions Vi), Vy(x),...,V,(x)can be
chosen so that

yEVY 4 Voy,t o vV, y, (93)

is a particular solution of eq. (90). By a standard technique, the functions d/dx (V,), d/dx(V,), ... ,d/dx(V,)are
determined from n linear algebraic equations. These equations can be written in matrix form, namely:
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i llav, ] T 1
yl _V2 e yn E 0
by W,
dx dx T dx . dx -

| |
I
|
n—1 -1 -1
(_j Y1 d” y_2_ d” Y an 1
| dx dx dx | dx _ X)J

or

L] [e]

Then matrix operations can be used to solve for dV, /dx:

=[] o]

The matrix V can be calculated from the following equations:

- 1] [

)
To use the above method, the solution to eqs. (62)and (83) has the form

Z=CIZI+C222,
where
Zl=ZR1+ile , Zz=ZR2+iZ[2.

Then the solution was substituted into eq. (94)which gave

A055)- Lo

where _ N d?l
7wl -3
le d_EZ do de

(94)

(935)

(96)

(97)

(98)

(99)

(100-102)
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To solve the above matrix equation (99), it was transformed into a real equation from a complex one. This was
done by the following method [28]. A complex matrix equation was represented by

AX=F, (103)
where
A=M+iN, F=S+iT, X=Y+iZ.
This led to two real equations:

MY-NZ=§, NY+MZ=T | (104)

which when written in matrix form became

M —NY“ S

= . (105)
N Mz T
Using the above transformation and eq. (97)and (98), eq. (99) can be rewritten as:
Fz ZR ] ’ d | !
R, s -1, “Zh, | g WRY| (0
|
d d ‘
d d 4 4 -4 | |
1 @R ag @Ry 46 1) ag @) w6 (VR,)| |0 }
| =, (106)
: ‘ d ‘
I, zI, ZR, ZR, | eV 0 |
\
d d d d L d
a@en 5 @) 35 @R} 6 @R | | g0 )
L J L J L
where
dV, d/R) d(V1) dV, d(VR,)  d(V1,)
‘d‘(p—— dd) +1 d(b s ~E¢)—= d(Z) +1 d¢) (107)

After solving eq. (106) for the d¥/d¢ terms (which was done on the computer), the functions V were found by

- ¢ d(VR)) 78 ~ ¢ d(VR) ¢ d(VIL)
Vl—! —(de¢+IJ -a¢—d¢, Vz—{ T¢—d¢+l¢f P do . (108)

[e] [s] o

The particular solutions to the eqs. (62) and (83) were then written as

~

Z,=V,Z +V,Z,. (109)
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The stress resultants for the particular solution were derived in the same manner and form as in the bending theo-

ries.

4. Discontinuity relations between the shell segments

The configuration analyzed is shown in fig. 6, where the positive directions for the stress resultants, slopes, and
deflections are shown, In this analysis, continuity at the intersections of the midsurfaces of the shell element is

maintained.

Mg
N X
04’ ¢N¢ 77[—» 5
Qg
Mg X
Mg o —'/*"S
$
Ng
M dw/dx

Fig. 6. Discontinuity diagram of the shell elements.

4.1. The axisymmetric case
The deflections at the junctions of the nozzle and sphere are equal

w,*t8.=0. (110)
Summing the moments at this junction yields
M'anM¢s=0. (111)
A summation of the forces in the direction of Q¢ gives
(112)

ansinqbofoncosd)O+Q¢s=O.
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The angles of rotation of meridional tangents are equal; thus
—1_X=0. (113)

At the junction between the sphere and torus, the following equations are derived:
Q4 t @y =0, My +M =0, §,-6,=0, X +X.=0. (114)

The equations derived at the junction of the torus and cylinder are as follows:

5, +W, =0, X,-—==0, My +M =0, Qe+ 0y =0 (115)

The above equations [egs. (110) through (115)] were solved simultaneously and gave the unknown coefficients
needed in the bending solutions to calculate the stresses and stress resultants.

4.2. The nonaxisymmetric case

For complete solutions to shell problems, we must include body movements as well as edge bending and mem-
brane displacements [29, 30]. For this case, first consider the spherical shell having displacements due to edge
bending and membrane solutions: U;,, V4, Wi, and X as shown in fig. 7.

In cylindrical coordinates, the displacements of the edge of the shell are completely defined by the following:
Ui, 8 he O1vs and Vg, where

51hS=W1S sin ¢ + Vlscos o, 81VS=~Wlscos ¢, Vlssin - (116,117)

The total displacements consist of the displacements discussed above and the rigid body movements. The rigid
body movements of the shell are (1) the shell moving parallel to the plane of its edges by an amount ¢ and (2)
rotating about this point through the angle V' /b as shown in fig. 7. Therefore, the total displacements are:

vV
- = = = _1s

U=Up—hys» Bps = Oins T s> Byt Vi X=Xy b (118)
In the same way the displacements for the nozzle are derived as follows:

U =U, —h 5, =8, +h 5 =5 +V X =x, s 19

n In "ln> An~ " 1hn " "1n vn~ “lvn In> n “InT p (119)

Compatibility between the nozzle and spherical shell requires that

u,=u,, 81n =0 8 =0 X, =X . (120)

The first two compatibility conditions are combined by eliminating the 4, terms:

Sips T U= 0 * Ut - (121)

Also, by eliminating the V| terms, the remaining compatibility equations yield:
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Fig. 7. Spherical shell displacements.

XA+*—“=X 0 (122)

Therefore, the rigid body movements have been elimated and the compatibility conditions are satistied by the
two equations which involve only the bending and the membrane solutions. The above analyses are derived in refs.
[29] and [30].

In a similar manner, equations can be derived which satisfy compatibility between the spherical and toroidal
shells and between the toroidal and cylindrial shells. The &, s for the nozzle and cylinder are very small and,
therefore, were neglected.

The discontinuity relations between the shell segments for this loading case are:
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Wn+6s=0, Mxn—M¢S=0, an+Q¢Ssin¢>fN¢scos¢=0,
dw & 6 1)

n Vs Vs vt
_ — = 4+ —— _— =

& 5T R sing Oos* 2ot =0 Xt Raing VX R (Tvasng) 0
M¢s+Mq>t=0’ 8Sv5t=0, 61+Wc=0’

6vt dWC
Xt+Ro(1+asin¢)‘ & 0 My +M =0, Qp T Q=0 (123)

In these equations, the shear terms Q, and Q are the Kirchoff shear forces for the sphere and torus.

5. Discussion and comparison of results

A computer program was written to simultaneously solve the equations derived in section 4 for the unknown
constants. The unknown constants were then used to calculate stresses in the structures, and analytical predictions
were compared with the results from two experimental shell model tests to illustrate the accuracy of the analyses.
The complete equations used for all the shell structures are given in ref. [31] along with a flow diagram of the
computer program. A sketch of the first model is shown in fig. 8. This is a steel model and isidentified as no. 32 in ref.
[32]. In this case, the experimental data were normalized by dividing all the stresses by the circumferential mem-
brane stress of the cylindrical shell. The theoretical analysis was done by assuming a very small membrane nozzle

rp=2.90 in.

[e— $3.60 in.

r=— 0,555 in.

Fig. 8. Sketch of the Findly, Moffat, and Stanley model no. 32.
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Fig. 9. Findlay, Moffat, and Stanley model no. 32; pressure loading, meridional stress.

attached to the torispherical shell at its apex, since the computer program was written to analyze a radial nozzle
attached to a torispherical shell, which in turn was attached to a cylindrical shell.

Comparisons of theoretical and experimental results are shown in figs. 9 and 10. Results for the toroidal and
cylindrical shells only are shown since the membrane nozzle attached to the spherical portion would give a dif-
ferent stress distribution in the sphere close to the nozzle. The meridional stresses are shown in fig. 9, and ex-
cellent agreement is shown between the results. The circumferential stresses are shown in fig. 10 and very good
comparison is again found.

The second model chosen for analysis is sketched in fig. 11. This model was also steel and the experimental re-
sults are given in refs. [33] and [34]. This model was analyzed in the same manner as the first model.

Comparisons of experimental and theoretical results are shown in figs. 12 and 13. Again, results for only the
toroidal and cylindrical shells are shown. The meridional stresses are shown in fig. 12 and excellent agreement is ob-
tained between the results. The circumferential stresses are shown in fig. 13 and very good comparison is again
shown.

The comparison just discussed illustrate the accuracy of the analysis for the axisymmetric internal pressure
case. No experimental data for concentrated loads was found in the literature and therefore no direct comparisons
can be made for these loadings. However, since the analysis and equations for the concentrated axial load applied
to the nozzle are similar to those for pressure, it is not unreasonable to assume that the analysis for the concen-
trated axial load applied to the nozzle is correct.

To study the effect of an external moment applied to a nozzle attached to torispherical shell, comparisons be-
tween axial thrust and bending loads were made. The configuration which was analyzed had the following para-
meters:

(a) Radius of nozzle =4.17 in.
(b) Thickness of nozzle = 0.83 in.
(¢) Radius of sphere = 24 in.
(d)Thickness of sphere = 0.50 in.
(e) Radius of torus = 2.0 in.
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Fig. 10. Findlay, Moffat, and Stanley model no. 32; pressure loading, circumferential stress.

241N

Fig. 11. Sketch of the Stoddart and Owen model.

(f) Thickness of torus = 0.50 in.

(g) Radius of cylinder = 12.0 in.

(h) Thickness of cylinder = 0.5 in.

Comparisons between the two loads for the torispherical shell are shown in figs. 14 through 17. In these analyses,
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Fig. 12. Stoddart and Owen model; pressure loading, meridional stress.
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Fig. 13. Stoddart and Owen model; pressure loading, circumferential stress.
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Fig. 14. Comparison between axial thrust and concentrated moment for test model; circumferential stress, inside surface.
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Fig. 15. Meridional stress, inside surface.

the membrane stresses in the cylindrical shell were held the same for both loadings in the plane of the moment,
6 = 0, so that the comparison could be made between the stress states. As can be seen, the stresses in the toroidal
part of the shell were about the same for both loadings, while great differences in the stress levels can be seen in
the spherical part of the shell. The reasons for the close comparison of the stresses in the toroidal part are that the
form of the stress resultants in the concentrated moment loading are different from the axial load case by a term
multiplied by (¢/r)?/12(1 —v?2). Since this term is very small and the stress state in the cylindrical shell at § =0
is the same for both loading cases, the stress should be approximately the same. When comparisons between the
states of stress in a torispherical shell caused by concentrated loads and internal pressure are made, it is found
that under internal pressure loading the toroidal part of the shell contains the maximum stresses while for concen-
trated loads the maximum stress occurs in the spherical portion of the shell.

The buckling of torispherical shells under internal pressure is a phenomenon that designers have been warned
of in the past. The model which was used in ref. 2 for a buckling experiment was analyzed. A maximum stress of



82 R.C. Gwaltney, Localised loads applied to torispherical shells

30
— CONCENTRATED MOMENT L
20 —— AXIAL THRUST
<
&
10
u N
o AN
\\
0 \\N
__—‘—__
—t0 | | ]
10 20 30 40 50 60 70 80 90
deg

Fiig. 16. Circumferential stress, outside surface.

50 I T ‘ |

40 \ i -
i —— CONCENTRATED MOMENT T

— — AXIAL THRUST
30 H ‘ ‘ ]
v \ ‘
~
; J
g 20 |
B
@ 1
\
1
Oy
\
\
\\
° o —— ————]
-———-—_—_,———_,—1————1
—10
10 20 30 40 50 60 70 20 .
deg

Fig. 17. Meridional stress, outside surface.

32 580 psi tension was calculated on the inside surface of the torus in the meridional direction. The yield stress
for this model was placed at 35 000 psi, which could mean that the inside surface of the model yielded. This yield-
ing coupled with high compressive circumferential stresses on the outside surface could cause the torus to “buckle”.
Dimples were formed in the torus with the fold lines in the meridional direction and the outside surface of the
torus was completely dimpled all around its circumference. Therefore, the buckling of the torus could actually be
a plastic collapse of the structure; and to avoid “buckling” of this type structure for any loading, the stress levels

must be kept well below the yield stress.
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6. Conclusions

Methods were developed to analyze torispherical shells loaded under internal pressure, an axial thrust to a ra-
dial nozzle attached to the apex of the shell, and a moment applied to the radial nozzle. A particular solution to
the bending equation was developed for both the internal pressure and external loading cases. Solutions to the
bending equation for the external cases were developed. Membrane solutions were developed for ali these loading
cases.

The analysis for internal pressure was compared with experimental results and was found to be very accurate.
Since the analyses for the other loads are very similar to that for internal pressure loading, it was reasonable to as-
sume that they also are accurate. However, the accuracy of these loadings could not be proved since no experimen-
tal data for such loadings were found in the literature.

The “buckling” of torispherical shells under internal pressure seemed actually to be a plastic collapse of the
structure. Therefore, no “buckling” of the torispherical shell under external loads would be expected if the shells
are kept within the elastic stress limits.

Notation

a = radius of the nozzle or cylindrical shell,

¢ = constant used in analysis of toroidal shell segment similar to flexural rigidity, C = t/\/12(1-v2),

Ci,Cy = complex constants used in the calculation of stresses and stress resultants in the toroidal shell
segment,

D = extensional rigidity of spherical shell segment, D = Et/(1 —v?2),

E = modulus of elasticity [psi].

F = axial force applied to a shell segment or nozzle [1b],

HD, H@) = Hankel functions of § order, first and second kind,

In3(Z) : = jmaginary part of the complex solution function for the toroidal shell,

k¢, kg = change in curvature in the meridional and circumferential directions of a toroidal shell,

K = flexural rigidity of shells, K = £¢/12(1 —v2),

m = Fourier harmonic number,

M = external or concentrated moment applied to the nozzle,

My, Mg, Mo = meridional, circumferential, and twisting moments in spherical and toroidal shell segments
[1b—in/in],

My, My = axial and circumferential moments in the nozzle and cylinder [1b—in/in],

N = combination complex stress resultants of N, + Ng,

N¢, Ny, N¢9 = meridional, circumferential, and twisting membrane stress resultants in spherical and toroidal
shell segments [1b/in],

Ndv NB, ﬁq)e = meridional, circumferential, and twisting complex stress resultants in a toroidal shell segment,

N, N, = axial and circumferential membrane stress resultants in the nozzle and cylinder [1b/in],

Nq’;‘, Ny = known membrane stress resultants in spherical and toroidal shell segments,

P = internal pressure [psi],

P, P¢, Py = surface loading components normal to the surface, in the meridional direction, and in the cir-
cumferential direction,

Q¢, Qy = meridional and circumferential shear stress resultants in toroidal and spherical shell segments,

Oy = axial shear stress resultant in the nozzle and cylindrical shell,

7o = radius of the circular cross section of the toroidal shell,

R, = the distance of the center of the cross section from the axis of revolution of the toroidal shell,

Ry = radius of sphere,
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R = principal radius of curvature of a shell in the meridional direction,

Ry _ = second principal radius of curvature of a shell in circumferential direction,
Re (Z) = real part of the complex solution function for the toroidal shell,

t = shell thickness [in],

w = normal deflection of the nozzle of cylindrical shell [in],

VA = bending solution function for a toroidal shell segment,

2p = particular bending solution for a toroidal shell segment,

dw/d¢ = slope or rotation of the tangent to the axial direction of a nozzle or cylindrical shell,
242 = constants used in analysis of toroidal shell =+/12(1 ~»2) r2/R t ,

« = constant used in analysis of toroidal shell =7 /R,

5 = horizontal deflection of a spherical or toroidal shell,

8, = vertical deflection of a spherical or toroidal shell,

0 = circumferential angle of shells,

v = Poisson’s ratio,

¢ = meridional angle of shells,

[ = top meridional angle of the torus,

XQ X, = slope of shells in the meridional and circumferential directions,

-
|

= complex variable,

= nozzle stress resultants and deflections,

= spherical shell stress resultants and deflections,
= toroidal shell stress resultants and deflections,

= cylindrical shell stress resultants and deflections,
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